We investigate black holes with toroidal horizons in (d + 1)-dimensional space-time. Using the solution phase space method, we calculated conserved charges for these black holes before exploring some features of this metric including its entropy and thermodynamic quantities. Another aspect of the study involves obtaining a general exact static interior solution for uncharged black holes with toroidal horizons in (d + 1)-dimensional space-time. Finally, an interior solution for charged black holes is obtained.
I. INTRODUCTION
Study of exact solutions of the Einstein's equations is an important part of the theory of general relativity. Black hole solutions in (2 + 1)-dimensional AdS space time were first obtained by Banados, Teitelboim, and Zanelli (BTZ) [1] . These solutions have provided a simplified machinery for investigating different aspects of physics including gravitational interactions in lower dimensions, quantum aspects of three dimensional gravity, and the AdS/CFT correspondence [2] [3] [4] [5] [6] . In addition, the subject of black hole thermodynamics has come to be one of the most important issues in black hole's physics over the past few decades [7] [8] [9] [10] . The study of thermodynamic properties of AdS black holes dates back to the paper by Hawking and Page [11] . Since then, it has turned out that there is a rich phase structure for BHs. The thermodynamics of BTZ black holes and their stability under appropriate boundary conditions have been investigated in [12] [13] [14] [15] .
Recently, [16] proposed an exterior solution for BTZ-like black holes in higher dimensions. In the present paper, we explore some of the properties of black holes with toroidal horizons in higher dimensions. Solution Phase Space Method (SPSM) has been recently proposed for calculating conserved charges based on the exact symmetries of solutions [17] . Using SPSM guarantees that the conserved charges are regular and that no divergency will appear during the process. We use this method to find the mass as the conserved charge of this solution. We will see that the parameter introduced as a constant in this metric is the ADM mass of this solution. Wave equation of a non-minimally coupled scalar field has been recently investigated in the BTZ background [18] . Drawing upon previous works, we not only attempt to find a Schrodinger-like wave equation and an expression for the related potential in higher dimensions for the black holes with toroidal horizons (BHTH) but also try to find some of the thermodynamic quantities for them in arbitrary dimensions. These quantities are useful for investigating the thermodynamics and phase transitions of these black holes in future research.
Also, in the relativistic astrophysics, it is interesting to study the static anisotropic spheres. Finding the interior metric of such an object can be useful for describing the interior region of stellar objects. In [19, 20] , simplified models such as interior solutions for BTZ black holes for charged and uncharged cases are suggested based on the assumption that the interior region of these black holes are filled with an anisotropic fluid. In this study, we obtain exact interior solutions for (d + 1)-dimensional black holes with toroidal horizons. This paper is organized as follows: After introducing a general form of the metric for black holes with toroidal horizons in (d + 1)-dimensional space-time, we use the SPSM method to obtain the conserved charges of these solutions in Section II. In Section III, the entropy of these black holes is calculated using the Wald formula. Also, some of the thermodynamic quantities are calculated and the geometric-invariant quantities corresponding to these black holes are determined. In Section IV, we write the wave equation of a non-minimally coupled scalar field in a (d + 1)-dimensional black hole background to obtain the effective potential barrier. An interior solution of the non-rotating (d + 1)-dimensional black holes with toroidal horizons is obtained for the uncharged case in Section V and for the charged one in Section VI. Section VII is devoted to conclusions.
II. BLACK HOLES WITH TOROIDAL HORIZONS IN (d + 1)-DIMENSIONS
Einstein equations in the (2 + 1)-dimensional space-time with a negative cosmological constant admit a black hole solution [1] . The action of the (2+1)-dimensional Einstein gravity in the presence of a cosmological constant is given by (we set 8G = c = 1):
where, B is a surface term and Λ is the negative cosmological constant. The equations of motion derived from equation (1) are solved to yield the following form of the metric [1] :
where, the lapse function N 2 (r) is given by:
with −∞ < t < ∞ , 0 < r < ∞ and 0 ≤ φ ≤ 2π and m is a parameter related to the mass of the black hole. Our goal is to obtain the general form of the exterior metric for (d + 1)-dimensional black holes with toroidal horizons. We begin by considering the general form of the metric around a non-rotating black hole that has the isometry SO(2) d−1 or Torus symmetry (T d−1 ) as:
where, φ i represents the periodic coordinates. The variation with respect to the metric yields the following Einstein equations with a non-zero cosmological constant
Calculations using (4) and (5) yield the general form of the differential equation in (d + 1)-dimensions for the lapse function as follows:
Solving this differential equation for d = 2 leads to
where, C 1 is the integration constants which can be determined by comparing with the BTZ solution
We keep this assumption in solving the differential equation (6) for other dimensions and find the general form for lapse
Recently, a method called the "Solution Phase Space Method" has been proposed for calculating the conserved charges based on the exact symmetries of solutions [17] . This method is completely horizon independent since the conserved charges can be calculated by integrating over any arbitrary 2-dimensional, spacelike hypersurface; hence, it guarantees that the conserved charges are regular and no divergency will appear. In general, the Solution Phase Space Method (SPSM) [17, [21] [22] [23] [24] can be used for calculating the conserved charges of an action in gravitational theories including the mass, angular momenta, entropies, and electric charges associated with black holes in arbitrary dimensions. Using SPSM, it can be shown that the parameter M, used in Eq. (9) is really the conserved charge of the (d + 1)-dimensional black hole solutions.
The Lagrangian which we will focus on in the
where, R is the Ricci scalar and Λ is the cosmological constant. The equation of motion for the Lagrangian (10) is as follows:
By varying of the Lagrangian (10) and imposimg the equation of motion (11), the surface d − 2 form will take the following form:
where
To calculate the conserved charge, H η , associated with the exact symmetry η of (d + 1)-dimensional solution, one should do the following integration on the boundary of the space-like hypersurface:
with,
where,
and δĝ αβ = ∂ĝ αβ ∂ m δ m is the parametric variation of the metric. For the Einstein-Hilbert theory, we may use Eq. (13) to rewrite Eq.(16) as follows [25] :
where, the variation of the metric tensor is defined as δ g µν ≡ h µν and h ≡ h µ µ is the trace of h µν . Also, ξ µ is the associated killing vector and is determined based on the conserved charge selected.
To calculate the conserved charge, H η , associated with suggested solutions in Section I, it is sufficient to perform the following integral. For a metric with no gauge field, we have η = ξ in which ξ = ξ µ ∂ µ refers to the symmetry with its corresponding killing vector ξ µ . If, for simplicity, surfaces of constant (t, r) are chosen to integrate over, the conserved charge variation for an exact symmetry η can be read throughδ
The exact symmetry for this solution is the stationary isometry which is generated by ξ = ∂ t . To find the mass as the conserved charge, we set η = ∂ t . Calculation of Eq. (18) results in:
Equations (19) shows that M is the conserved charge and the mass of the (d + 1)-dimensional black holes with toroidal horizons. The calculation procedures for the conserved charges of some other black holes may be found in [26] .
Eq. (4) represents the general form of metrics for black holes with toroidal horizons in higher dimensions. This metric describes the exterior space-time of the black hole in any dimensions. Note that these solutions are not asymptoically AdS d+1 while BTZ solutions are asymptoically AdS 3 .
Since there is (d − 1) periodic angles in (d + 1)-dimensional space-times, the symmetry group of these space-times is the direct product of (d − 1) of SO(2) rotation groups (SO(2) ⊗ .... ⊗ SO (2)). This symmetry means that the non-rotating black holes have a kind of torus-like symmetry called toroidal symmetry. The topology of the horizon is T d−1 . Also these solutions are are not locally maximally symmetric, in contrast with the BTZ black hole. Another difference of BTZ black holes with our solutions is that no gravitational waves propagate in BTZ space-time since the gravity has no degrees of freedom in 3 dimensions [27] . There are interesting proposals for generalization of three dimensional constant curvature black holes to higher dimensions somehow similar to our method while keeping the locally maximally symmetric property [28] [29] [30] [31] .
It is interesting to note that solutions with toroidal horizons do not generate Closed Timelike Curves or so called CTCs. Generating CTCs is a generic feature of some solutions with a rotating cylindrical symmetry. For a review see [32] , where one can find how a solution can have this feature.
III. THERMODYNAMIC AND COORDINATE-INVARIANT QUANTITIES OF NON-ROTATING BLACK HOLES WITH TOROIDAL SYMMETRY IN (d + 1)-DIMENSIONAL SPACE-TIME
To study the general features of the metric established in the previous section, we calculate some useful quantities. Calculations show that this space-time has one horizon that can be found by solving N 2 (r) = 0. The Anti-de-Sitter radius, l, is related to the cosmological constant by Λ =
Now, we can rewrite relation (9) in terms of r h and l as
We then find the mass in (d + 1) dimensions as follows:
In order to find the line element for the (d − 1) dimensional horizon, the following definition is used:
Then, the area of the black hole horizon is
where, γ = (2πr h ) (d−1) is the determinant of the metric on the black hole horizon. The entropy of the black hole can be obtained using the Wald formula [33, 34] : 
w µναβ w µναβ (Weyl scalar)
where, the action is
A simple calculation yields the following entropy:
We see that g rr g tt is always equal to −1 in the (d − 1)-dimensional horizon, so
A H is the area of the event horizon of the black hole. We find S = 2A H because we set 8G = 1 in action (1). We may also find the form of the metric (4) using the lapse function (9) based on this same assumption. If we did not assume this, we would have the conventional relation S = A H 4G .
As we know, the first law of thermodynamics for a black hole with mass M is
Also, the Hawking temperature [11] of the outer event horizon surface of the (d+1)-dimensional black hole is
For d = 2, we have the similar temperature of the BTZ black hole [1, 6] as follows:
Now, it would be interesting to find some coordinate-invariant quantities. Coordinate invariants are a set of scalars which are constructed from the Riemann, Weyl, Ricci, and other tensors in general relativity. These quantities represent the geometric properties of the space-time and they also play significant roles in classifying space-times [35] [36] [37] . In Table 1 , some of these quantities are given for solutions with toroidal symmetry in (d + 1) dimensions. It should be noted that according to coordinateinvariant quantities in Table 1 , r = 0 is the singularity of the solution and it is located inside the horizon. It is also useful to investigate the Penrose diagram of our solutions. The Penrose diagram of our solutions are exactly similar to the diagram of a BTZ black hole but every point in the Penrose diagram of BTZ solution is a circle while in the Penrose diagram of our solutions every point is a (d − 1)-Torus (T d−1 ). Again from the difference in definition of Penrose diagram we can see that these solutions and BTZ solution have different properties.
IV. POTENTIAL BARRIER FOR (d + 1) DIMENSIONAL BLACK HOLES WITH TOROIDAL HORIZONS
Hawking radiation has always been considered as a black body (thermal radiation) with the temperature T H although we know that this statement is partially true because the emitted particles from the black hole feel an effective potential barrier in the external region of the event horizon.The absorption cross section, or the so-called gray body factor, measures the modification of the original black body radiation. We know that Hawking radiation has not been detected yet but the important statement here is that gray body factor modifies the spectrum in the region where we have the maximum pair production. The potential barrier and the gray body factor for BTZ black hole have been recently given in [18] . In this section, we obtain the potential barrier for (d + 1)-dimensional solutions with toroidal horizons and investigate its dependance on both the dimension of space-time and the value of coupling constant. We consider the black hole metric in (d + 1) dimension as
where, m is related to the physical mass of the black hole. In this case, we have a scalar field with the non-zero coupling ξ coupled to the scalar curvature in the (d + 1) dimensional black hole background in Eq.(32), described by the action
The wave equation of the scalar field reads as follows
where, the non-minimal coupling ξ is positive and
is the Ricci scalar in the (d + 1) dimensions background. Assuming the following ansatz for the wave function
we can simplify Eq. (35) . To simplify our calculation we assume that m 1 = ..... = m d−1 = m. It should be noted that this choice would pick a small subset of generic linearized perturbations for the scalar field. We can obtain the following differential radial wave equation in (d + 1) dimensions:
We define the new variables
and we recast Eq.(37) into a Schrodinger-like equation of the form
Therefore, the expression for the potential is obtained as:
In Fig.1 , we plot the effective potential that the scalar field feels as a function of the distance for different values of coupling constants (Left) and in different dimensions (Right). As a suggestion for future research, one can find the gray body factor for these black holes and obtain the Hawking temperature by calculating the reflection coefficient and the absorption cross-section for a non-minimally coupled scalar field in the black hole background. 
V. INTERIOR SOLUTION
After finding the exterior solution for non-rotating black holes with toroidal symmetry in (d + 1)-dimensions, it may be interesting to ask if we can find any interior solutions for the black holes. It should be noted that Interior solutions have two different definitions. In the first definition any geodesic may be continued in both directions to an infinite value of the canonical parameter or it ends up to a singular point at a finite value. This solution is also called maximally extended [38] . We use the second definition and assume geometry of our black hole solution describing outside region of a star. The line element for the interior space-time of a static black hole in (d + 1) dimensions should be written as follows:
where, ν(r) and µ(r) are two unknown metric functions to be determined. Here, Λ is the negative cosmological constant already introduced in Section III. We consider a static distribution of matter with an energy momentum tensor represented by
where, ρ is energy density, P is pressure, and (d + 1)-velocity is given by
The explicit form of the energy momentum tensor components is given by T µ ν = diag(−ρ, P r , P t , ..., P t ), where P r is radial pressure and P t is the tangential pressure for the anisotropic fluid (anisotropy was used in the compact star configuration to allow some interesting studies) at the interior of the region. By solving the Einstein field equations
in the presence of the negative cosmological constant (Λ < 0) for this anisotropic distribution, we find the following independent equations:
as well as the (d − 2) equations, all of which are the same as Eq.(47).
Here, the superscript denotes the derivative with respect to r (µ ′ = dµ dr ). The energy density is then obtained as
The mass within a radius r is defined as follows:
To ensure the regular behavior of the mass and energy density functions (finite and positive) at r = 0, we assume 2µ(r) = (d − 2) lnr + Ar d , with A representing a positive constant.
Here, we adopt a linear state equation:
where, α 1 and α 2 are two positive and arbitrary constants. Therefore, the radial pressure is given by:
By using (45) and (47), the unknown function ν(r) can be obtained:
where, C is an integration constant. The energy density ρ and the two pressures (P r , P t ) are continuous functions of the radial coordinate r, indicating that they are well behaved in the interior region. What we found is the interior space-time solution including the anisotropic perfect fluid which can be now described by the metric (41). The exterior solution corresponds to a static black hole with toroidal horizon in (d + 1)-dimensions is written in the following form
Matching our interior metric to the exterior metric at the radius of the star (r = R), we get
Let us now explore the physical features of our model. The Einstein field equations must in this case satisfy certain physical requirements [19] . For the interior solution, the density ρ and the pressures P r and P t must be positive and finite everywhere. In other words,
and
Knowing that the cosmological constant is negative, it is obvious that the above relations satisfy both positivity and finiteness. Also, the gradients of the energy density ρ and the radial and tangential pressures are negative
It can be easily shown that the radial and tangential pressures are decreasing functions of r. The space-time is assumed not to be possess an event horizon. It is indeed for this reason that we select the exponential coefficients in (41). Moreover, the radial pressure P r vanishes but the tangential pressure P t may not vanish at the boundary r = R. The boundary radius, R, can be obtained by letting P r (r = R) = 0 using (57), which gives
Thus, we found the interior solution for uncharged black holes with toroidal horizons. In what follows, we generalize this investigation to the charged case.
VI. THE INTERIOR SOLUTION FOR CHARGED BLACK HOLES
Our main purpose in this section is to find an interior solution for the charged black holes with toroidal horizons. The Einstein-Hilbert action coupled to an nonlinear electromagnetic field is captured by the following expression:
For a charged perfect fluid distribution, the Einstein-Maxwell equations with a non-zero cosmological constant are given by:
The energy momentum tensor components for an electromagnetic field are
The field strength tensor, F µν , is related to the current vector in the following way:
T PF µν is the energy momentum tensor for a perfect fluid, which is similar to what we introduced in the previous section. Here, we use the gauge potential A µ = ϕ(r)δ t µ , where ϕ(r) is the electric potential [39] .
where, U ν is the velocity of the charged fluid and σ (r) is the proper charge density of the distribution. We assume the velocity to be:
The electromagnetic field tensor is given by
where, the superscript denotes the derivative with respect to r (ϕ ′ = dϕ dr ). The explicit form of the energy momentum tensor components in this case will be:
where, E(r) is interpreted as the radial component of the static electric field defined by
Again, we adopt a static and axisymmetric line element for describing the internal geometry of the charged distribution, like what we assumed in (41). The Einstein-Maxwell field equations for an anisotropic fluid with Λ < 0 will yield:
and the (d − 2) equations, all of which are the same as (72).
There are various choices for E(r) but the acceptable ones are those that leads to a positive and continuous field strength tensor in the interior region. Thus we choose the following exponential function [19] :
where, K is a constant parameter. This function vanishes at the center; i.e, at E(r = 0) = 0 and then Λ = B, where B < 0 is a constant parameter. As in the previous section, we assume that:
so as to ensure a regular behaviour of the mass function at r = 0. The energy density for this matter distribution is then given by
As before, for the linear case, we have:
The second metric coefficient is then obtained in the following form
where, C is the integration constant. The exterior solution corresponds to a static, charged, black hole is written in the following form:
By varying the action (61) without the matter term of L matter , with respect to the metric g µν and the gauge field A µ we have
And
The right hand of the equation (79) is the energy-momentum tensor for electromagnetic field and F 2 ≡ F µν F µν . We assume the gauge potential A µ = ϕ(r)δ t µ and simplify Eq. (80) as follows:
It is easy to show that ϕ(r) = A ln( r B ) is a solution of Eq. (81), where A and B are the integration constants which are related to the electric charge and cosmological constant. Using Eq. (79), and ϕ(r) = Q ln( r l ) we obtain lapse function as follows
where, m and Q are the constants related to mass and charge parameters, respectively, and l = (
Here, we match our interior metric to the exterior metric and, as a consequence, at the boundary r = R, the continuity of the metric yields the following junction condition:
To achieve a physically acceptable model, the energy density and pressure should be positive and finite in r < R. One can see from (77) and the definition of µ that these functions are positive if constant K is positive and, further, that the gradients are negative
and dP r dr = α 1 dρ dr < 0.
Now, we find the central energy density as
The boundary radius, R, in this case may be obtained by letting P r (r = R) = 0. Using (75) and (76), the radius then turns out to be:
It is worth noting that the above quantity is finite and positive in all dimensions. So, we suggested an interior metric for a charged fluid in (d + 1) dimensions with the toroidal symmetry.
VII. CONCLUSION
In this paper, the exterior solutions of non-rotating black holes with toroidal symmetry in the (d + 1)-dimensional space-time were obtained. We used SPSM to calculate the conserved charge (mass) corresponding to the black hole in (d + 1)-dimensions. Also, we found the entropies for these black holes by using the Wald formula and we obtained the familiar relation between entropy and the area of the event horizon (S = A 4 ). Some of the thermodynamic quantities of this solution were also calculated. These quantities are useful for investigating the thermodynamic and phase transitions of these black holes. The coordinateinvariant quantities found gives us useful geometric information about these space-times. As another facet of the study, we obtained the wave equation associated with a non-minimally coupled scalar field in the black hole background with arbitrary dimensions. In addition, we found an exact interior solution for these black holes for uncharged and charged cases assuming that the interior region is filled with a perfect fluid. Finally, we showed that the proposed (d + 1)-dimensional interior solutions for the interior region ensures that the energy density and pressures are positive and finite. We hope to continue this study to investigate the thermodynamic properties and phase structure of suggested solutions in this paper. The solution obtained can also be used in AdS/CFT studies.
